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First Order String Theory and
the Kodaira-Spencer Equations. I
O. Gamayun§, A. S. Losev¶, A. Marshakov‖
We consider first-order bosonic string theory, perturbed by the primary operator,
corresponding to deformation of the target-space complex structure. We compute
the effective action in this theory and find that its consistency with the world-
sheet conformal invariance requires necessarily the Kodaira-Spencer equations to
be satisfied by target-space Beltrami differentials. We discuss the symmetries of the
theory and its reformulation in terms of the vielbein background fields.
1 Introduction
The formulation of string theory in non-trivial background is a long-standing nontrivial problem
(see e.g. [1, 2]). The most traditional approach [3, 4] is based almost totally on studying the
two-dimensional sigma-models, where many issues directly concerning the basic principles of
string theory are hidden behind the serious technical problems of computations in nonlinear in-
teracting theories. Even the heart of perturbative string theory - the concept of two-dimensional
conformal invariance - is not directly seen within this approach, since the theory is conformally-
invariant only on mass shell, which basically forbids to consider the most part of the interesting
deformations of the target-space background.
In order to try to avoid at least some of these complications, it has been proposed in [5] to
study the simplest possible string model - the first-order string theory with the “bare action”
of the bosonic first-order free conformal field theory
S0 =
1
2πα′
∫
Σ
d2z(pi∂¯X
i + pi¯∂X
i¯) (1)
which is independent of the target-space metric and requires only some (local) choice of the
complex structure. Analogy with the Hamiltonian formalism in the theory of particle suggests
that (1) corresponds at least naively to a background with the singular target-space metric
(and the singular Kalb-Ramond B-field [5]). The world-sheet fields {Xµ} = {(X i, X i¯)}, {pi}
and {pi¯} (with µ = 1, . . . , D; i, i¯ = 1, . . . , D/2) are sections of H0(Σ), H(1,0)(Σ) and H(0,1)(Σ)
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correspondingly, being holomorphic (or anti-holomorphic) on the equations of motion. The
only nontrivial operator product expansions (OPE) for the theory (1) are
pi(z)X
j(z′) =
α′δji
z − z′ + regular terms (2)
together with their complex conjugated.
The free field theory action (1) can be naturally perturbed by the operators
Vg =
1
2πα′
∫
Σ
Og =
1
2πα′
∫
Σ
d2zgij¯pipj¯ (3)
with the X-dependent “coefficient functions” or target-space fields gij¯ = gij¯(X), as well as
Vµ =
1
2πα′
∫
Σ
Oµ =
1
2πα′
∫
Σ
d2zµj
i¯
∂¯X i¯pj
Vµ¯ =
1
2πα′
∫
Σ
Oµ¯ =
1
2πα′
∫
Σ
d2zµ¯j¯i∂X
ipj¯
(4)
where µj
i¯
= µj
i¯
(X) (together with its complex conjugated µ¯i¯j = µ¯
i¯
j(X)), and
Vb =
1
2πα′
∫
Σ
Ob =
1
2πα′
∫
Σ
d2zbij¯∂X
i∂¯X j¯ (5)
where again bij¯ = bij¯(X). It is also often useful to define the “real” operator
Φ(z, z¯) = Oµ(z, z¯) +Oµ¯(z, z¯) = µ
j
i¯
∂¯X i¯pj + µ¯
j¯
i∂X
ipj¯ (6)
In order for the operators (3),(4) and (6) to be well-defined as conformal primary operators,
one has to impose the transversality conditions for the background fields
∂ig
ij¯ = 0, ∂j¯g
ij¯ = 0
∂iµ
i
j¯ = 0, ∂j¯µ¯
j¯
i = 0
(7)
which allow to get rid of the singularities, possibly arising from “internal” contractions in (3),(4)
and (6) or, in different words, the higher-order poles in the operator-product expansions with
the components of the stress-energy tensor T ∼ pi∂X i and T¯ ∼ pi¯∂¯X i¯ in the bare theory (1).
The operators (3)-(5) (or (6)) are the only possible marginal (∆, ∆¯) = (1, 1) primary op-
erators in the first-order theory (1). In addition, one can also introduce the holomorphic
(1, 0)-currents
jv = piv
i(X), ∂iv
i = 0
jω = ωi(X)∂X
i
(8)
(and their anti-holomorphic (0, 1)-conjugates), which generate the holomorphic change of co-
ordinates and gauge transformations (their anomalous operator algebra has been studied in
[6, 7, 5, 8]). The non-holomorphic operators, similar to (8), can also arise when studying
generic non-holomorphic symmetries of the perturbed action, and these symmetries will be
partly considered below.
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We are going to study the conditions, when the operators (3)-(5) become exactly marginal
or can be raised up to the exponent and added to the free action (1). In other words, this is
equivalent to vanishing of their beta-functions in the perturbed theory [1, 9]. The quadratic (in
background fields) contributions to these beta-functions are given by the structure constants of
the OPE’s of the primary operators (3)-(5), whose vanishing leads, for example, to the nonlinear
equation
gij¯∂i∂j¯g
kl¯ − ∂igkj¯∂j¯gil¯ = 0 (9)
for the functions gij¯(X), shown to be a direct analog of the Einstein equations for the physical
fields G, B and Φ (the target-space metric, the Kalb-Ramond antisymmetric two-form and
the dilaton), related with the background fields g, µ, µ¯ and b from (3), (4) and (5) by a
nontrivial transformation [5]. In the present paper we would like to concentrate mostly on
the background equations of motion for the target-space “Beltrami” fields1 µ = dX j¯µi
j¯
∂
∂Xi
and
µ¯ = dX iµ¯j¯i
∂
∂X j¯
, keeping the other fields to be shut down for a while, or playing maximally a
role of a “spectator” or “probe” operators. In such case the vertex operators (4) and (6) can
be obviously considered as deforming the complex structure of the original bare theory (1), and
from generic target-space symmetry reasons one would expect that the corresponding fields
should satisfy the Kodaira-Spencer equations [12]
N ik¯j¯ ≡ ∂[k¯µij¯] − µl[k¯∂lµij¯] = 0
N¯ j¯ik ≡ ∂[iµ¯j¯k] − µ¯l¯[i∂l¯µ¯j¯k] = 0
(10)
which have an obvious sense of vanishing of the Nijenhuis tensor or curvatures for the gauge
fields µ = dX j¯µi
j¯
∂
∂Xi
and µ¯ = dX iµ¯j¯i
∂
∂X j¯
with the values in Lie algebra of the vector fields in
tangent bundle to the target manifold (see [13] for brief description of Kodaira-Spencer theory
and their important applications for topological strings). Below we are going to derive these
equations directly from the consistency of perturbed first-order conformal field theory.
2 Background field expansion
The most common analysis of the beta-functions follows from studying logarithmic divergences
in the effective action, coming from its one-loop computation (see various issues of this pro-
cedure e.g. in [3, 2, 14]). Consider the first-order theory with the action S = S0 +
∫
Σ
Φ
and decompose the would-sheet fields into the fast and slow (or quantum and classical) parts
X → Xcl +
√
α′X and p→ pcl +√α′p.
Expanding the Lagrangian up to the second order one gets
L = L0 + Φ = Lcl + α′
(
pi∂¯X˜
i + pi∂¯X
j¯
cl∂kµ
i
j¯(Xcl)X˜
k + pi∂¯X
j¯
clN
i
k¯j¯(Xcl)X
k¯ + c.c.
)
+ o(α′)
(11)
where
X˜ i = X i + µik¯(Xcl)X
k¯ (12)
1These fields in the context of Lagrangian field theory were discussed already in [10], the Beltrami
parametrization of the world-sheet geometry in string theory was discussed e.g. in [11].
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and the Kodaira-Spencer term N i
k¯j¯
has been already defined in (10). The change of quan-
tum co-ordinates (12) is an obvious transformation of the target-space complex polarization
{X i, X i¯} → {X˜ i, X˜ i¯}, caused by expansion around the classical background Xcl instead of the
zero background, originally taken if directly dealing with the bare action (1).
The linear in fluctuations terms disappear from (11) due to the equations of motion
∂¯X icl + µ
i
j¯(Xcl)∂¯X
j¯
cl = 0 (13)
together with its complex conjugated, and(∇¯pcl)
k
+ µ¯i¯k(Xcl)
(∇pcl)
i¯
= pcli¯ ∂X
j
clN¯
i¯
kj(Xcl) (14)
with (∇¯pcl)
k
= ∂¯pclk − ∂kµij¯(Xcl)∂¯X j¯clpcli (15)
Note, that the combination (10) arises already in the r.h.s. of the classical equations for
momenta, which turn into
(∇¯pcl)
k
= 0 together with its complex conjugated for the background
fields µ(Xcl) obeying the Kodaira-Spencer equations.
After the change of variables, inverse to (12), one gets for the “old co-ordinates”
X k¯ =
(
(1− µ¯µ(Xcl))−1
)k¯
l¯
X˜ l¯ − µ¯k¯s(Xcl)
(
(1− µµ¯(Xcl))−1
)s
l
X˜ l =
= M¯ k¯l¯ (Xcl)X˜
l¯ − µ¯k¯s(Xcl)Msl (Xcl)X˜ l
(16)
where
M ij =
(
δij − (µµ¯)ij
)−1
(17)
(together with the corresponding complex conjugated formulas), and the Lagrangian (11) ac-
quires the form
L = L0 + Φ = Lcl + α′
(
pi∂¯X˜
i + piU
i
j¯X˜
j¯ + piW
i
j X˜
j + c.c
)
+ o(α′) (18)
where
U ij¯ = N
i
k¯l¯M¯
k¯
j¯ (Xcl)∂¯X
l¯
cl (19)
and
W ij = ∂¯X
j¯
cl
(
∂jµ
i
j¯(Xcl)−N ik¯j¯µ¯k¯sMsj (Xcl)
)
(20)
(together with their complex conjugated) are two dependent on external fieldsXcl set of vertices,
to be treated as perturbation of the free field theory L˜0 = pi∂¯X˜ i + c.c. with the propagators
〈pi(z)X˜j(z′)〉 = δ
j
i
z − z′ = δ
j
i
∫
d2q
(2π)2
eiq(z−z
′)
q¯
〈pi¯(z)X˜ j¯(z′)〉 =
δj¯
i¯
z¯ − z¯′ = δ
j¯
i¯
∫
d2q
(2π)2
eiq(z−z
′)
q
(21)
An important observation is that both vertices (19) and (20) do not depend on the momenta
of quantum fields X and p. Therefore, the only logarithmically divergent contribution to the
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UU
Figure 1: The only 2-vertex 1-loop diagram which diverges logarithmically. Black and dash
lines denote the holomorphic and anti-holomorphic propagators from (21).
W
W
Figure 2: The 1-loop tadpole diagrams which give rise naively to a linear divergences. Black
and dash lines again denote the holomorphic and anti-holomorphic propagators from (21).
effective action comes from the paring of U i
j¯
and U¯ j¯i vertices or from the diagram depicted at
fig. 1, which gives the contribution
Γdiv ∼
∫
d2z
U i
j¯
(z)U¯ j¯i (0)
|z|2 ∼ U
i
j¯ U¯
j¯
i
∫
d2q
qq¯
(22)
The logarithmically divergent integrals in (22) can be just cut off, say by |z| > ǫ, which leads
to the renormalization of the operator of type (5)
δbij¯ ∼ log ǫ · Bij¯ (23)
where
Bij¯ = −N lk¯j¯N¯ l¯kiMkl M¯ k¯l¯ ≡ B(2)ij¯ +B(3)ij¯ + B¯(3)ij¯ +O(µ4) =
= −∂[kµ¯k¯i]∂[k¯µkj¯] + ∂[kµ¯k¯i]µl[k¯∂lµij¯] + ∂[k¯µkj¯]µ¯l¯[k∂l¯µ¯k¯i] +O(µ4)
(24)
obviously vanishing on the solutions to (10). The Jacobian of transformation (12) which changes
the measure in the path integral is derivative independent, and therefore does not affect the
result of computation of the one-loop diagram in the theory (18). Actually, this result is even
exact in all orders in α′, since any vertex, obtained by the α′ expansion (11), has a single p (p¯)
together with many X˜ ( ˜¯X) legs, so that one cannot in principle construct a diagram with more
than one loops.
Finally in this section let us point out, that vertices (20) could be perhaps neglected, if the
current jv from (8) is not anomalous: they can produce only the linearly divergent tadpole
diagrams (see fig. 2), where the divergency is killed by the angle integration. However, since
∂¯〈jv〉 = 12piR(2)∂ivi, the presence of vertices (20) in the Lagrangian leads to creation of the terms
W ij 〈piX˜j〉 ∼ ∂¯X j¯clN ik¯j¯µ¯k¯sMsj (Xcl) = ∂¯X j¯clN ik¯j¯µ¯k¯i (Xcl) +O(µ4) (25)
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We shall discuss in the second part of this paper [15], that extra terms like (25) are related to the
higher singularities in the operator product expansions and can give rise to extra singularities
in the correlation functions.
3 Symmetries
The bare action (1) is invariant under the holomorphic change of variables
X i → X i − vi(X)
pi → pi + ∂ivk(X)pk
(26)
generated by the first current jv from (8), together with their complex conjugated. In order to
study the general co-ordinate invariance of the theory one needs to switch on all background
fields (3), (4) or (6), and (5). The general co-ordinate transformations of the fundamental
variables of the first-order theory should be then supplemented by the transformations of the
background fields.
The perturbed action
S = S0 +
1
2πα′
∫
d2z (Og +Oµ +Oµ¯ +Ob) =
=
1
2πα′
∫
d2z
(
pi∂¯X
i + piµ
i
j¯∂¯X
j¯ + c.c.
)
+
1
2πα′
∫
d2z
(
gij¯pipj¯ + bij¯∂X
i∂¯X j¯
) (27)
is invariant already under the transformation of co-ordinates
X i → X i − vi(X,X), Xj → Xj − vj(X,X) (28)
where the momenta transform already in the background-field dependent way
pi → pi + pk(∂ivk + µkk¯∂ivk¯) + bjk¯∂ivk¯∂Xj (29)
together with the complex-conjugated formula. For the background fields themselves one gets
µij¯ → µij¯ + ∂j¯vi + vk∂kµij¯ + vk¯∂k¯µij¯ + µik¯∂j¯vk¯ − µkj¯∂kvi − µik¯µkj¯∂kvk¯ − gik¯blj¯∂k¯vl =
= µij¯ + ∂j¯v
i + {v, µ}ij¯ + vk¯∂k¯µij¯ + µik¯
(
∂j¯ − µkj¯∂k
)
vk¯ − gik¯blj¯∂k¯vl
(30)
where
{v, µ}ij¯ = vk∂kµij¯ − µkj¯∂kvi (31)
is the Schouten bracket, or the analog of the commutator for the gauge connections with values
in the Lie algebra of vector fields, and also
gij¯ → gij¯ + vk∂kgij¯ + vk¯∂k¯gij¯ − gik¯(∂k¯vj¯ + µ¯j¯k∂k¯vk)− gkj¯(∂kvi + µik¯∂kvk¯) (32)
and
bij¯ → bij¯ + vk∂kbij¯ + vk¯∂k¯bij¯ + bik¯(∂j¯ − µkj¯∂k)vk¯ + blj¯(∂i − µ¯k¯i ∂k¯)vl (33)
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These transformations almost coincide with conventional Lie derivatives - they partially differ
from naively expected target-space transformation law by replacing
∂kv
i → ∂kvi + µik¯∂kvk¯
∂j¯v
k¯ → (∂j¯ − µkj¯∂k)vk¯ = Dj¯vk¯
(34)
or introducing, in the second line, the “long derivatives”
∂i¯ → Di¯ = ∂i¯ − µki¯ ∂k, [Di¯,Dj¯] = −Nki¯j¯∂k (35)
The sense of this replacement can be understood as follows: consider for simplicity constant
background µ-field, then when it is switched on the correct target-space holomorphic co-ordinate
becomes Xˆ i = X i + µi
j¯
X j¯ (cf. also with (12)). Its infinitesimal variation vˆi = vi + µi
j¯
vj¯ under
the transformation (28) stays in the first line of (34), while the corresponding ∂¯-operator (35)
(such that Dj¯Xˆ i = 0) appears in the second line of (34).
Transformation (30) (at vanishing b-field bij¯ = 0) induces the following transformation of
the tensor N i
k¯j¯
≡ ∂[k¯µij¯] − µl[k¯∂lµij¯]
N is¯j¯ → N is¯j¯ − (∂kvi + µik¯∂kvk¯)Nks¯j¯ + (∂s¯vk¯ − µks¯∂kvk¯)N ik¯j¯ + (∂j¯vk¯ − µkj¯∂kvk¯)N is¯k¯
+vk∂kN
i
s¯j¯ + v
k¯∂k¯N
i
s¯j¯
(36)
The transformation laws (30), (36) generate the following covariant behavior of the beta-
function (24)
Bij¯ → Bij¯ + vk∂kBij¯ + vk¯∂k¯Bij¯ +Bik¯(∂j¯ − µkj¯∂k)vk¯ +Blj¯(∂i − µ¯k¯i ∂k¯)vl (37)
which, according to consistency requirements, exactly coincide with the transformation law for
the b-field (33). It is necessary to point out, that formulas (37) and (33) coincide exactly, only
when the nontrivial transformation law of (17) is taken into account. Also, multiplying by the
matrices M ij and M¯
i¯
j¯
from (17), one can rewrite e.g. (32), (36)
ĝij¯ → ĝij¯ + vk∂k ĝij¯ + vk¯∂k¯ĝij¯ −Dkviĝkj¯ −Dk¯vj¯ ĝik¯
N̂ is¯j¯ → N̂ is¯j¯ −DkviN̂ks¯j¯ +Ds¯vk¯N̂ ik¯j¯ +Dj¯vk¯N̂ ij¯k¯ + vk∂kN̂ is¯j¯ + vk¯∂k¯N̂ is¯j¯
(38)
for ĝij = M ikM
j
k
gkk and N̂ i
s¯j¯
= M ikN
k
s¯j¯
purely in terms of the long derivatives (35). Not
quite canonical form of the field’s transformations found in this section can be explained by
considering perturbed first-order theory as a particular gauge of more generic form for such
action, written in terms of the vielbein background fields.
4 The alternative first-order action
The perturbed action (11) can be also considered as a particular case of more general non-linear
theory with the action
L = pae
a
µ(X)∂¯X
µ + c.c + . . . (39)
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where a, b = 1, . . . , D/2 and µ, ν = 1, . . . , D, and the external fields appear now in the form
of veilbein, or the one-forms e = eµdX
µ and e¯ = e¯µdX
µ with values in the holomorphic and
antiholomorphic subspaces of the complexified tangent bundle. The covariance of the action
(39) is transparent, while the action (11) can be obtained from (39) imposing the gauge eai = δ
a
i ,
ea
j¯
= µa
j¯
. We also define (A = {a, a¯})
eµAe
B
µ = δ
B
A , A, B = 1, . . . , D, or
eµae
b
µ = δ
b
a, a, b = 1, . . . , D/2
eµa¯e
b¯
µ = δ
b¯
a¯, a¯, b¯ = 1, . . . , D/2
(40)
The fields pa and pa¯ are still (1, 0) and (0, 1) world-sheet forms with values in the pullbacks
of the holomorphic and antiholomorphic pieces of the cotangent bundle, equipped with the
unitary structure.
Decomposing again X → X + x into classical fields and quantum fluctuations, one gets for
(39)
L = . . .+ pae
a
µ(X)∂¯x
µ + pa∂νe
a
µ(X)∂X
µxν + c.c + . . . (41)
which can be further rewritten introducing xµ = eµa(X)Y
a + eµa¯(X)Y
a¯ as
L = . . .+ pa∂¯Y
a + paWab Y b + paUab¯ Y¯ b¯ + c.c+ . . . (42)
with
Uab¯ = (de)aµνeµb¯ ∂¯Xν , Wab = (de)aµνeµb ∂¯Xν
(de)aµν = ∂[µe
a
ν]
(43)
Following the same argumentation, as in sect. 2, one gets that the logarithmic divergence comes
from the only one-loop diagram (depicted at fig. 1, with U ’s being replaced by U ’s), and has
the form
B ∼ Uab¯ U¯ b¯a = N ac¯b¯N¯ b¯caecµe¯c¯ν∂Xµ∂¯Xν (44)
which is another form of the result (24), and we have introduced in (44) the tangent-space
components N of the Nijenhuis tensor.
To understand the last equality in (44), consider connection in the complexified tangent
bundle with torsion
dea = (aµ)
a
cdX
µ ∧ ec + (bµ)ac¯dXµ ∧ e¯c¯ (45)
The Nijenhuis tensor comes from the b-part of (45) to be defined as
[e¯b¯, e¯c¯] = −N ab¯c¯ea + f a¯b¯c¯e¯a¯ (46)
where ea and e¯b¯ are considered as vector fields and equation (46) can be considered as integra-
bility condition of the system of equations on holomorphic functions
e¯b¯f = e¯
µ
b¯
∂
∂Xµ
f = 0, b¯ = 1, . . . , D/2 (47)
On the equations of motion eaµ∂¯X
µ = 0 for the theory (39) one can write
Ua
b¯
= (de)aµνe
µ
b¯
∂¯Xν = (de)aµνe
µ
b¯
e¯νc¯ e¯
c¯
λ∂¯X
λ (48)
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This gives rise immediately to (44) since
e¯µa¯∂µe¯
ν
b¯ = −e¯µa¯
(
e¯νc¯∂µe¯
c¯
λe¯
λ
b¯ + e
ν
c∂µe
c
λe¯
λ
b¯
)
(49)
The first term in the r.h.s. is inessential for the Nijenhuis tensor in (46), while the second gives
(de)aµνe
µ
b¯
e¯νc¯ = ∂[µe
a
ν]e
µ
b¯
e¯νc¯ = −e¯ν[b¯∂ν e¯µc¯]eaµ = N ac¯b¯ (50)
which completes the proof of (44). The bets function (44) in the first-order theory (39) is
again expressed in terms of the Nijenhuis tensor and therefore vanishes on the Kodaira-Spencer
equations.
Let us finally present explicit relations between the vielbein language and original first-order
theory. Solving (40) for the inverse vielbein at the point, where eaj = δ
a
j and e
a
j¯
= µa
j¯
, one gets
eia = M
i
a, e
i
b¯
= −M ikµkb¯ = −M k¯b¯ µik¯ (51)
and the rest can be obtained by complex conjugation. Hence,
e¯b¯ = M¯
k¯
b¯
Dk¯ (52)
where the long derivatives (35) give rise to the Nijenhuis tensor by their commutator [Di¯,Dj¯] =
−Nk
i¯j¯
∂k. Therefore
[e¯b¯, e¯c¯] = [M¯
k¯
b¯
Dk¯, M¯ l¯c¯Dl¯] = −M¯ k¯b¯ M¯ l¯c¯Nak¯l¯∂a + M¯ k¯[b¯Dk¯M¯ l¯c¯]Dl¯ =
= −M¯ k¯b¯ M¯ l¯c¯Nak¯l¯ea + (M¯ k¯[b¯Dk¯M¯ l¯c¯] − M¯ k¯b¯ M¯ s¯c¯Nak¯s¯M l¯d¯µ¯d¯a)Dl¯
(53)
since ∂i = M
k
i Dk +M k¯l¯ µ¯l¯iDk¯. Comparing (53) with (46), one finds
M¯ k¯b¯ M¯
l¯
c¯N
a
k¯l¯
= N a
b¯c¯
(54)
The symmetries in vielbein formalism are more transparent. Consider the perturbed action:
L[e, g, b] = pae
a
µ∂¯X
µ + c.c. + gaa¯papa¯ + bµν∂X
µ∂¯Xν (55)
Under the general co-ordinate transformation
Xµ → Xµ − vµ(X) (56)
which is an equivalent of (28), this action transforms into:
δL[e, g, b] =
[
(δpa)e
a
µ + pa(δe
a
µ − vν∂νeaµ − eaν∂µvν)
]
∂¯Xµ + c.c. + δ(gaa¯papa¯)−
−vµ∂µgaa¯papa¯ + [δbµν − vρ∂ρbµν − bρν∂µvρ − bµρ∂νvρ] ∂Xµ∂¯Xν
(57)
Thus, it is invariant, in particular, under the following transformations
δpa = 0, δg
aa¯ = vµ∂µg
aa¯
δbµν = v
ρ∂ρbµν + bρν∂µv
ρ + bµρ∂νv
ρ
δeaµ = v
ν∂νe
a
µ + e
a
ν∂µv
ν
(58)
and the N -components of the Nijenhuis tensor simply transform as
δN a
b¯c¯
= vρ∂ρN ab¯c¯ (59)
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5 Discussion
We have considered in this paper the first-order theory, which hypothetically corresponds to a
string theory in singular backgrounds, when expanding around the bare action (1). This theory
depends only on the (local) choice of target-space complex structure and we have studied this
dependence by perturbing the bare action by the Beltrami vertex operator (6).
The background effective action, which arises after dividing world-sheet fields into the slow
and fast variables and the one-loop integration over the latter contains the beta-function of the
operator (5), vanishing on the Kodaira-Spencer equations (10) for the target-space Beltrami
differentials (4). This result comes after an almost trivial computation of the Gaussian integral,
which however clarifies several delicate issues, and requires certain field redefinition in the
space of fast variables, corresponding to change of complex polarization in target-space for a
nontrivial background. The computed beta-function is proportional to squared Kodaira-Spencer
equations (24), where the conjugated components of the Nijenhuis tensor (10) are contracted by
certain matrices, depending on the components of Zamolodchikov metric is the space of primary
operators or background fields for the first-order string theory. Reformulating this result in the
form (44), one finds that this extra metric in the space of target-space fields can be rewritten
in the form of inverse vielbein fields (40). We have also discussed briefly the consistency of this
result with the exact symmetries of the perturbed theory.
This result can be also reproduced from direct computation of the correlation functions in
conformal theory (1). The “co-ordinate” beta-functions arise in such approach as particular
integrals over the moduli spaces of punctured world sheets of the first-order string theory,
partially this approach has been discussed in [16]. The detailed analysis of this approach will
be published in the second part of this paper [15], and here finally we will only sketch the idea.
To study the co-ordinate approach to the beta-functions consider, for example, the perturbed
one-point correlation function of the “probe operator” (3)
〈Og(x)〉t = 〈Og(x) exp(t
∫
Σ
Φ)〉 =
∑
n≥0
tn
n!
∫
Σ
d2z1 . . .
∫
Σ
d2zn〈Og(x)Φ(z1) . . .Φ(zn)〉 (60)
where averaging in the r.h.s. is understood in the sense of path integral with the free action
(1). The calculation of the r.h.s. of (60) includes the integration of the multipoint correlators
〈Og(x)Φ(z1) . . .Φ(zn)〉 (61)
over the regularized domain Σ⊗n, e.g.
|zi − x| > ǫ, |zi − zj | > ǫ
∀i, j = 1, . . . , n (62)
In order to get a hint of what should we expect from such computation, consider the first
nontrivial order, namely the correlator (61) for n = 2
〈Og(x)Φ(y)Φ(z)〉 = 〈Og(x)Oµ(y)Oµ¯(z)〉 + 〈Og(x)Oµ¯(y)Oµ(z)〉 (63)
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The direct computation of the free field correlator in the r.h.s. of (63) gives rise to the result
1
2
〈Og(x)
∫
Σ
Φ(y)
∫
Σ
Φ(z)〉 ≈
gijB
(2)
ij
|x|4 log
R2
ǫ2
∫
|y|<R
d2y
π
(64)
The coefficient at the logarithmic singularity (64) is proportional to the function
gij¯B
(2)
ij¯
= gkk¯∂[iµ¯
j¯
k]∂[k¯µ
i
j¯] (65)
Strictly speaking, instead of gkk¯∂[iµ¯
j¯
k]∂[k¯µ
i
j¯] one should write a target-space integral∫
dDX(0)gkk¯(X(0))∂[iµ¯
j¯
k](X
(0))∂[k¯µ
i
j¯](X
(0)) (66)
over the zero modes X(0) of the X-fields, and consider the compact target, or the target-
space fields being coefficients functions of the operators (3) and (4) vanishing at the space-time
“infinity”, what allows integration by parts in (66); together with the transversality constraints
(7) this bring us to (63). The computation of the 3-point function (63) is almost equivalent to
the calculation of the operator product expansion of two operators Φ
Φ(z)Φ(0) =
2µ¯j¯iµ
i
j¯
|z|4 +
∂k
(
µ¯j¯iµ
i
j¯
)
∂Xk
zz¯2
+
∂k¯
(
µ¯j¯iµ
i
j¯
)
∂¯X k¯
z2z¯
+
2B˜
(2)
ij¯
∂X i∂¯X j¯
|z|2 + . . .
B˜
(2)
ij¯
= B
(2)
ij¯
+ 1
2
(
∂iwj¯ + ∂j¯wi
)
wj¯ = ∂[j¯µ
k
k¯]µ¯
k¯
k, wi = ∂[iµ¯
k¯
k]µ
k
k¯
(67)
with its further projection onto the operator Og, being in this sense equivalent to the compu-
tation of the quadratic contribution into the beta-function of the operator Ob (see e.g. [1, 9]).
We see therefore, that computation of the singularity of the 3-point function (63) reproduces
the quadratic in µ-fields piece of the beta-function (24). It is quite instructive to discuss
therefore, how the next terms B
(3)
ij¯
arise from the four-point contribution. This is already
not very trivial computation, requiring special care, when considering the integrals over the
world-sheet moduli space [15].
It is important, that nonlinear equations for the background fields arise in this approach
from the correlation functions with different number of operators (the so called polyvertex
structures, already discussed in this context in [5, 17]), and contain integrals over the moduli
spaces of punctured world sheets with different numbers of punctures. This is close to already
discussed in similar context structures of the string field theory (see e.g. [18, 19]). Generally
we believe that such approach should lead to solvable nonlinear equations for the “co-ordinate”
beta-functions and we are going to return to these issues elsewhere.
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